
Carbon Trends 13 (2023) 100310

Available online 3 November 2023
2667-0569/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
nc-nd/4.0/).

New local pseudopotential for multilayer carbon materials and its 
application in wave packet dynamics 
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A B S T R A C T   

Formerly we created a one-electron local pseudopotential which proved to be successful in studying transport 
phenomena in various sp2 carbon nanosystems, e.g. graphene grain boundaries and nanotube networks. In this 
work, we present an extended version of the local pseudopotential which correctly describes the electronic 
structure of van der Waals stacks of carbon sheets, e.g. AA, AB bi-layer graphene, ABC (rhombohedral) tri-layer 
graphene, as well as AA, AB, and ABC graphite, etc., even in case of external electric fields. We utilize this 
potential to study the hopping dynamics of wave packets between the graphene sheets in multilayer systems. The 
frequency of the hopping is proportional to the band splitting, caused by the interlayer coupling. For the case of 
AB and ABC graphene there is a backscattering near the Fermi level, causing a Zitterbewegung-like phenomenon, 
an interference between +kBloch and − kBloch states. For the rhombohedral tri-layer graphene the time dependence 
of the wave packet probability density is an aperiodic function for the first- and third layer (the two outer layers), 
but a quasi-periodic function for the second (inner) layer.   

1. Introduction 

Layered materials [1] are composed of two-dimensional (2D) sheets, 
where the intra-layer bonds (those between adjacent atoms inside the 
2D sheet) are strong, covalent bonds, but the inter-layer bonds (those 
between atoms in adjacent layers) are weak, van der Waals bonds. Even 
when the single 2D layers have the same structure, the 
three-dimensional (3D) structure built from them can have (infinitely) 
many variations, depending on the number [2], orientation [3], and 
displacement of the individual layers. The electronic structure and 
transport properties of the 3D stacks strongly depend on these factors. In 
the recent years experimentalists learned how to control these param-
eters and explored many interesting phenomena. These include topo-
logical edge states [4], charge density waves [5,6], Mott-insulator 
phases [7], etc. These heterostructures have potential industrial appli-
cations as transistors [8], photodetectors [9,10], photovoltaics [11], 
sensors [12], and batteries [13]. 

Most of this work was devoted to multilayer structures built from 
different 2D materials. In this field, however, a special attention is being 
paid to multilayers composed of graphene sheets only. Recent experi-
ments highlight that the electronic structure of multilayer carbon 

materials also shows a multitude of features, including superconducti-
vity [14] in twisted bilayers, quantum magnetism [15], and topological 
phenomena [16] in rhombohedral stacking, etc. 

The theoretical treatment of multilayer carbon materials, however, is 
challenging. For example, in the case of twisted bilayer graphene [3], 
the interesting physics occurs for small, “magic” angles [14,17], but the 
very large unit cell of such moiré systems makes it difficult to use 
ab-initio methods. This is also true for the practically important case of 
multilayer carbon structures containing structural defects [18,19]. 

Wave packet dynamics (WPD) [20] calculations can handle realistic 
models containing tens of thousands of atoms even on a personal com-
puter. WPD also treats the structural defects quite well [21] because it 
can simulate electronic dynamics including multiple scattering pro-
cesses at the nanoscale. In WPD modeling the physical system is 
described by a Hamiltonian and the initial conditions are given by an 
initial wave function. The method provides the ψ( r→, t) time-dependent 
wave function by the solution of the time-dependent Schrödinger 
equation. The ψ( r→,E) energy-dependent wave function is also available 
through the time-energy Fourier transform. Studying the details of the 
time-dependent wave function helps us to understand dynamic pro-
cesses, e.g. those occurring in a Scanning Tunneling Microscope (STM) 
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[22] and the energy-dependent wave function makes it possible to 
explain the quasiparticle interferences (QPIs) [23] seen around the de-
fects in STM. In the one (quasi)particle approximation, only a one par-
ticle 3D wave function is calculated instead of the many-body wave 
function and the details of the many-body interactions are hidden in the 
Hamilton operator. The details of the many-body electronic structure 
can be coded either in the kinetic energy part [23], or in the potential 
energy part of the Hamiltonian. In the simplest approximation the ki-
netic energy operator is identical to the free space kinetic energy of the 
electron (− k2 /2) and the many-body electronic structure is coded into a 
local one electron pseudopotential V( r→). Another widely used formu-
lation of WPD when the Hamilton operator is expressed in a 
tight-binding (TB) approximation [24], however, in this method the TB 
parameters need to be optimized for each stacking geometry and also for 
the specific defect types. 

The problem of determining the V( r→) one-electron pseudopotential 

which yields a given electronic band structure, i.e. a given E( k
→

Bloch)

dispersion relation is called the band structure inverse problem and an 
approximate solution can be given, e.g., by variational methods. 
Formerly we developed such a local one-electron pseudopotential [25] 
for graphene and applied it to many sp2 carbon nanosystems [22,26]. 
This considers both the specific geometrical arrangement of the carbon 
atoms (hexagonal lattice) and the specific electronic structure of gra-
phene (linear dispersion near the K points for electrons near the Fermi 
energy (EF), trigonal warping for hot electrons, etc.). It also allows to 
handle localized defects and we utilized this feature of the pseudopo-
tential in calculating the transport properties of different 0D and 1D 
graphene defects [27,21], such as different graphene grain boundaries. 

The old pseudopotential correctly described planar graphene struc-
tures, even in case of curved planes, however, did not take into account 
the van der Waals interaction between the graphene sheets. Indeed, the 
band structure calculated with that potential shows no dispersion in the 
K-H direction (direction perpendicular to the graphene sheet in recip-
rocal space, see Fig. 2.inset for the points in the Brillouin zone). In order 
to handle multilayer systems, we created a new pseudopotential which 
corrects these problems. We present the construction and some appli-
cations of this new pseudopotential in this paper. 

The organization of the paper is as follows. The new, anisotropic 
pseudopotential is introduced in Section II. In Section III we calculate 
the plane-wave band structure for characteristic bi-layer, tri-layer, and 
infinite layer graphene stacks with the new pseudopotential. In Section 
IV we explain the setup of the WPD calculations, analyze and discuss the 

results for AA and AB bi-layer graphene in the time-domain and in the 
energy-domain. An application of the pseudopotential for tri-layer 
rhombohedral graphene is presented in Section V. Section VI is 
devoted to conclusions. 

Hartree atomic units are used in all formulas except where explicit 
units are given. SI units are used, however, in all the figures and nu-
merical data. All energy values are relative to the vacuum level, unless 
otherwise stated. 

2. Construction of the pseudopotential 

Our formerly developed one electron local pseudopotential [25] was 
constructed as a sum of radial symmetric functions centered on each 
carbon atoms. The radial symmetric functions were themselves a sum of 
three Gaussians with different amplitudes and widths. Hence the old 

potential had six parameters (apart from the given atomic coordinates): 
the Aj amplitudes and the aj widths (j = 1,2,3). The band structure de-
pends on these six parameters and on the atomic positions: 

En

(

k
→

Bloch;
{

Aj, aj
}3

j=1,
{

r→i

}N

i=1

)

= F
[

V
(
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We provided an approximate solution of the band structure inverse 
problem by variationally matching the lowest two bands calculated by 
the plane wave procedure with the π bands of the graphene sheet, using 
a TB approximation [25]. Formerly we used this potential in the WPD 
calculations for the planar (and slightly curved) carbon nanosystems. 

If, however, we calculate not only the dispersion relation, but the 
Bloch wave functions also [23], we can see that the lowest two bands 
obtained by the above mentioned procedure have a σ character, with 
wave functions centered on the atomic sites, and having a maximum of 
the probability density in the graphene sheet. Sigma wave functions 
describe well the C–C bonds, but σ wave functions of two neighboring 
graphene sheets have only a negligible overlap because of the large 
interlayer distance. Hence, in order to describe the interlayer in-
teractions correctly, we have to switch to the π bands. Pi orbitals of 
adjacent sheets can have a sizeable overlap, thanks to the pz character of 
the π orbitals. From the algorithmic point of view this simply means that 
instead of the lowest two bands we must concentrate on those bands 
giving π character wave functions and utilize these bands in the varia-
tional optimization. 

The approach used to determine the new pseudopotential is like that 
applied in our previous work [25]. We consider TB reference data for the 
band structure of isolated graphene sheets and AA graphite. We use in 
this work TB models that rely on s, px, py and pz orbitals (in contrast with 
TB models based on π orbitals in our previous work). These models 
provide band structures with eight energy levels En(kBloch) for each value 
of the wavevector kBloch (in contrast with 2 energy levels). A local 
pseudopotential is then constructed so that the energy bands provided 
by a plane-wave calculation match as closely as possible the π bands 
provided by the TB model in an energy window of ±3 eV around the 
Fermi level. As a further refinement to the potential, we use 4 Gaussians, 
with adjustable width and amplitude parameters and the new potential 
has different planar- and perpendicular parameters. In contrast, the 
pseudopotential developed in our previous work consisted of only 3 
Gaussians with isotropic parameters. The details of the fitting procedure 
are given in Supplement 1. The functional form of the new pseudopo-
tential is given by 

where the 12 parameters {Aj, aplanar,j, aperp,j}
4
j=1 must be adjusted in order 

to achieve the best possible agreement with the TB reference data for the 
π bands of graphene and AA graphite around the Fermi level. This was 
achieved by defining a fitness function for quantifying the difference 
between the energy bands provided by the TB and the plane-wave 

Table 1 
Parameters of the new anisotropic local pseudopotential for carbon atoms in 
graphene and graphite.   

Aj (eV) aplanar,j (rBohr
− 2 ) aperp,j (rBohr

− 2 ) 

Gaussian #1 − 84.6841 1.00316 0.27752 
Gaussian #2 120.6472 2.51913 2.29511 
Gaussian #3 142.2017 2.44581 2.92539 
Gaussian #4 − 73.3189 0.56255 1.32379  

V
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]
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techniques (the fitness function gives more weight to the parts of the 
band structure that are the most important, here the Γ, K, M and H points 
for energy values in an energy window of ±3 eV around the Fermi level). 
The fitness function is then minimized by using a Monte Carlo tech-
nique. The parameters obtained by this approach are given in Table 1. 

After the variational optimization of the pseudopotential, we can see 
(Fig. 1a) that the resulting potential is indeed anisotropic. Fig. 1b and c 
shows that the optimization criteria were indeed met: (i) the π bands 
(band 4 and 5) match with the TB π band of graphene and (ii) the Z 
dependence of the wave functions of these bands have indeed a π 

Fig. 1. Construction of the local one-electron anisotropic pseudopotential. (a) Planar- and perpendicular linecuts of the optimized V( r→) pseudopotential applied to a 
single atomic site at the origin. (b) Plane wave band structure calculated for a single-layer graphene surface. (c) Shape of the π orbitals (band 4) in the Γ point. Green 
and red are the positive and negative lobes of the wave function. 

Fig. 2. Plane-wave low energy π band structures for various few-layer and bulk multilayer carbon structures. (Upper row) AA bi-layer, AB bi-layer, and ABC tri-layer. 
(Middle row) AA, AB, and ABC infinite layer for kz=0. (Lower row) AA, AB, and ABC infinite layer for kmax

z = π/zp. The energy scale is the same in all subfigures. The 
green dotted horizontal lines show the position of the Fermi energy. The insets show the stacking order of the layers. The interlayer distance is chosen to be c = 3.46 A 
for all systems (see the text for details). The inset in the lower left subfigure shows the graphite Brillouin zone. The blue coordinate axes are the {kx,ky,kz} vectors, the 
red lines show the Γ-K-M and A-H-L paths, along which the band structures were calculated. The zp period is c for single-layer graphite, 2c for AA and AB graphite and 
3c for ABC graphite. 
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character – there is a zero-probability density node-plane in the gra-
phene plane and the maxima of the probability density are at 0.7 Ang-
ström above- and below the graphene sheet, in good agreement with 
DFT results [28]. The linear π and π′ bands cross each other at the K point 
at EF=− 4.68 eV. 

3. Verification of the pseudopotential 

Bulk graphite consists of periodically stacked graphene layers. There 
are three kinds of ordered graphite configurations: the simple hexagonal 
graphite (the AA-stacked graphite), the Bernal graphite (the AB-stacked 
graphite), and the rhombohedral graphite (the ABC-stacked graphite) 
[29]. The few(est)-layer versions of these structures are the bi-layer 
graphene with AA and AB configurations and the tri-layer graphene 
with ABC configuration. The band structure of all these systems were 
studied extensively, both experimentally and theoretically. Hence, we 
choose these models to verify the performance of the new pseudopo-
tential for multilayer systems. 

Fig. 2. shows the π band structures numerically calculated with the 
anisotropic pseudopotential using the reciprocal space plane-wave 
method for few-layer and infinite layer carbon systems. According to 
geometry optimized ab-initio calculations the interlayer distance c does 
depend on the stacking, but the precise distances vary with the specific 
DFT functional. We chose a fixed c = 3.46 A interlayer distance in the 
present paper [30], as an average for the different geometries consid-
ered, in order to focus only on the effect [31] of the symmetry and 
stacking on the band structure. These band structures nicely reproduce 
the ab-initio results for the corresponding systems for all of the cases 
analyzed (apart from the slightly different gaps due to the fixed inter-
layer distance), not only for the kz=0 case (middle row of Fig. 2), but 
also for the kmax

z = π/zp case (lower row of Fig. 2), where zp is the Z 
periodicity of the infinite-layer structure, zp = c, 2c, and 3c for the AA, 
AB, and ABC graphites, respectively. The KH shift (compare the middle- 
and lower rows of Fig. 2) is decreasing with increasing zp. 

As we demonstrate in Fig. 3. the pseudopotential correctly describes 
such fine details of the band structure as the small band gap of the 
rhombohedral graphene and even the increasing of this band gap when 
applying a perpendicular electric field. This latter result was calculated 
by adding a linear electrostatic potential, E(z) = e Ezz to the pseudo-
potential, where Ez = 0.035 V/A is the electric field, which corresponds 
to a 0.2 V/A bias, considering the effect of the screening [32]. 

4. Wave packet dynamical calculations – Test systems – AA and 
AB bi-layer graphene 

In our earlier paper [23] we calculated the propagation of quasi-
particle wave packets (WPs) on a single-layer graphene surface. This was 

accomplished in three steps. First, we numerically calculated the Bloch 
wave functions of the graphene sheet, by numerically solving the sta-
tionary Schrödinger equation for each kBloch Bloch wave vectors in the 
Brillouin zone. The graphene sheet was modelled with the lattice peri-
odic (old) pseudopotential. Then a Bloch WP was constructed by inte-
grating in {kx, ky} over the 2D Brillouin zone utilizing a Gaussian weight 
function. Finally, the time development of this initial state was calcu-
lated by numerically solving the time dependent Schrödinger equation, 
utilizing again the pseudopotential. See Supplement 2 for details. Time 
dependent measurable quantities, such as probability densities and 
probability currents were directly calculated from the time dependent 
wave function. Moreover, after a time—energy Fourier transform, en-
ergy dependent measurables became also available. For example, when 
the WP is centered on a K point and the energy spread of the WP is small, 
the WP propagates on the graphene surface with velocity vF(Fermi ve-
locity) with a very small dispersion, because the dispersion relation is 
linear near the K point. 

In this paper we extend this scheme for multilayer carbon systems. 
First, we calculate the Bloch states for a pristine single-layer graphene 
sheet with the new anisotropic pseudopotential and construct the Bloch 
WP from these states. Then we create a model system (Fig. 4a) consisting 
of two regions: (1) a single-layer region and (2) a multiple-layer region 
(two-layer in this figure). The system is infinite (periodic) in the x di-
rection (parallel to the boundary of the two regions) but the graphene 
sheets in Region (2) can have different distances, displacements, and 
rotations relative to each other to simulate several graphene multilayer 
geometries. The WP starts from Region (1) then it propagates into Re-
gion (2). The initial impulse of the WP is perpendicular to the boundary 
(y) and its width is infinite in the direction parallel to the boundary (x), i. 
e. p→ = py y→. 

When the WP enters into Region (2), it begins to feel the van der 
Waals potential of the second graphene sheet. Because of this pertur-
bation potential the momentum distribution won’t anymore remain 
constant – the Bloch functions of the single-layer graphene are not 
anymore eigenstates of the two-layer system. As a result, the WP will 
slowly tunnel back and forth between the two layers, similar to the 
alternating oscillation in a classical coupled pendulums system (Fig. 4b, 
c). Similarly to the classical example, the coupling strength determines 
the frequency of the hopping: the stronger the coupling (k), the larger 
the frequency of the hopping. Indeed, as we see in Fig. 4d,e, the single- 
layer graphene bands split into two bands on the bi-layer AA graphene 
and the Δk magnitude of this splitting determines the hopping frequency 
between the layers at a given energy value. 

Fig. 4. illustrates the simplest case, the AA bi-layer graphene. In this 
case the behavior of the WP is rather uneventful, the magnitude of the 
Δk splitting of the bands only changes a little in our investigated energy 
window (see Fig. 6 for details). The case of AB bi-layer graphene and 
ABC tri-layer graphene is more interesting, giving rise to backscattering, 
Zitterbewegung-like phenomena, aperiodic and periodic hopping, etc. 
We will examine these phenomena in the remaining portion of this 
Section and the next Section. 

Fig. 5. shows the time development of the WP for AA and AB bi-layer 
graphene, where (a) is the schematical y-z cross section (side view) of 
the geometry. The system is infinite in the x direction (see Fig. 4a for the 
coordinate system). Fig. 4b and c show the potential and the time 
development of the WP for the AA and AB bi-layer graphene in a “shifted 
top view” mode, meaning that we display the two layers (a thin ribbon 
cut from each of them) under each other. Fig. 5d, however, shows the 
whole 3D WP (for a slightly wider ribbon) by a 3D isoprobability-density 
surface. Note the π character of the orbitals in this figure: the isodensity 
surface has two layers of maxima below- and above both graphene 
sheets, corresponding to the two (positive and negative) lobes of the 
wave function (Fig. 1c). The isodensity surfaces are composed of closed 
3D objects (around the local maxima of the wave function) with nearly 
spherical shapes. In Region (1) (left part of the figure) there is only one Fig. 3. Zoomed-in detail of the band structure for the rhombohedral graphene. 

The solid curve is for no bias and the dashed curve is for a 0.2 V/A bias. 
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graphene layer, therefore we can see only two sheets of maxima, but 
there are four sheets of maxima in Region (2). The probability density is 
changing in the y direction; hence the size of the isodensity “spheres” is 
also changing along this direction. In the case of the 2D images (b and c) 
we integrated the probability density in the z direction utilizing a 
Gaussian weight function centered on both graphene sheets. 

At t = 0 fs the WP is localized on Layer 1 in Region (1) (Fig. 5b,c). 
Then it propagates into the +y direction (vector P in Fig. 5a) towards the 
boundary. As we can see by comparing (b) and (c), the time develop-
ment is markedly different for the AA and the AB stacking. In the case of 
the AA stacking the main phenomenon is the above mentioned back and 
forth tunneling between the two layers, but the AB case shows a much 
more complicated picture, see Fig. 5c lower pane (t = 13.9 fs): (i) there is 
a reflection at the boundary; (ii) the WP is broken into several parts in 
Region (2); and (iii) the atomical scale pattern of the WP is changing in 
time and space – see below for the explanation of these phenomena. 
Fig. 5d helps us to imagine the 3D structure of the WP. This displays the 
snapshot of the time development at t = 13.9 fs (see the video in Sup-
plement 6 for the complete time development of the isodensity surface). 
At this particular time the WP is already present on both layers in Region 
(2) but a part of it is reflected back into Region (1). 

As we can see in Fig. 5, the time development of the Bloch WPs occur 
in two distinct length scales: (i) there are changes on the atomic scale 
wave function (the “u” factor of the Bloch function) and (ii) there are 
changes on the 10 Angstrom scale (superpositions with different am-
plitudes and phases of the exponential factors of the Bloch functions 
with different kBloch values). The behavior of the Bloch WP in the two 
spatial scales are, however, not independent. For example, in the AA bi- 
graphene case (Fig. 5b) the atomic scale pattern of the WP seems to be 
unchanged during the time evolution (see also Fig. 2. in Ref [23]). The 
WP is constructed by summing the Bloch wave functions with a Gaussian 
centered on a K point and having a narrow momentum distribution. 
When this WP is evolving on a pristine graphene sheet, as in Region(1) of 
our Fig. 5, the Bloch-momentum distribution remains constant, but the 
phases of the components are slowly changing in time with different 
speeds, because the dispersion relation is not linear away from the K 
point, hence the width of the WP is slowly increasing – but this spreading 
is considerably slower than for a WP propagating in free space, where 
the dispersion relation is quadratic. When the WP enters into Region (2), 
in the case of AA graphene we do not see any backscattering at the 

boundary and the shape of the atomic patterns remains seemingly un-
changed, which means that only intravalley scattering occurs in this 
case. The case of the AB graphene (Fig. 5c) is different. There is a 
considerable amount of backscattering at the Region (1–2) interface, 
this indicates the presence of intervalley scattering, the emergence of 
states at the opposite K point, which means a momentum in the opposite 
direction. Consistently with this observation, the atomic scale pattern is 
also changing, caused by the interference of the Bloch waves at the two 
opposite K valleys. It is worth noting that the observed effects are nearly 
the same if we inject the WP along armchair direction instead zigzag, 
because AA and AB bi-graphenes are isotropic near the K point in the 
investigated energy region. 

In order to study the long-range behavior of the WP, we calculated 
space-time and space-energy WP probability density maps. The calcu-
lation method of the space-time density is given in detail in Supplement 
3, together with the analysis of the results. 

One single WPD calculation provides us with the behavior of all the 
energy components contained in the spectrum of the WP. By the help of 
the time-energy Fourier transform (see Supplement 2 for details) of the 
time dependent wave function, we can access these individual spectral 
components. Fig. 6. shows the long-range behavior of the different en-
ergy components of the WP on bi-layer graphene for the AA and AB 
stacking configurations as color coded space-energy density maps. The 
calculation of the ϱLayer l(y,E) probability density is similar to the space- 
time density map (Supplement 3) but using the energy dependent wave 
functions ψ(x, y, z,E) instead of the time dependent ones. l = 1, 2 is the 
layer index. The normalization is performed by first calculating the 
ϱgraphene(y,E) density by performing a WPD run followed by a t-E FFT for 
a pristine graphene system then normalizing the two-layer probability 
with this function for each energy level: 

ϱnormalized
Layer l (y,E) = ϱLayer l(y,E)

/
ϱgraphene(y,E).

The case of AA stacking (Fig. 6b,d,f) is relatively simple. The most 
important phenomenon seen on the (b) and (f) image is the oscillation of 
the WP between the two layers (alternation of the blue and yellow 
colors). The spatial period of this oscillation monotonously decreases 
with increasing energy. This decrease is consistent with the increasing k 
splitting of the AA bands, as seen on Fig. 6d, where we plotted the 

Fig. 4. Schematics of the wave packet dynamical calculation for AA (simple hexagonal) two-layer graphene. (a) Region (1) contains one graphene layer, Region (2) 
contains two graphene layers. The Bloch wave packet starts at time t = t0 from Region (1) with an impulse p perpendicular to the boundary. The system is infinite in 
the x direction (see the brown dots near t0 in “a”). As the wave packet moves in the y direction it begins to hop between the two graphene layers, as the schematical 
figure shows its position at times t1, t2, and t3. The figure is not to scale. (b,c) Classical physics illustration: the oscillation alternates between the two pendulums, 
coupled with a weak spring of spring constant k. (d,e) Splitting of the graphene bands when the wave packet enters from the single-layer region (Region (1)) into the 
two-layer region (Region (2)). See the text for details. 
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s(kBloch;E) =
⃒
⃒
〈

ψbi− layer( r→;E)|φsingle− layer
kBloch

( r→)
〉⃒
⃒

absolute value of the scalar product of the two-layer graphene energy 
decomposed WP, with the Bloch wave functions φsingle− layer

kBloch
( r→) of the 

single-layer graphene (a generalized Fourier transform), with r→ = (x,y,
z). This s(kBloch;E) quantity basically reproduces the band structure of 
the AA and AB graphene (compare Fig. 2 and Fig. 6d,e), but the − kBloch 
bands (backscattering bands in our transport calculations) are not 
excited in the case of AA, however they are weakly excited in the case of 
AB in the vicinity of EF. The two branches of the bi-layer graphene band 
structure mean that for any given energy E there are two slightly 
different kBloch values, i.e. a pair of wave functions with slightly different 
spatial freuencies. The interference of these pairs of wave functions gives 
the long range oscillation seen on Fig. 6b and f. 

For the case of the AA graphene the Δk(E) splitting monotonously 
increases in our [− 5.8 eV – − 3.3 eV] energy window. This explains the 
monotonous decrease of the hopping distance (i.e. the distance, where 
the oscillation between the two layers takes place) seen on Fig. 6b. In the 
space-energy density for the AB bi-layer graphene (Fig. 6c) the situation 
is similar in the energy region, where the second (parabolic) valance and 
conduction bands appear ([E<E8 and E>E4]): the +kBloch graphene 
band splits into two bands and Δk(E) determines the hopping distance 
similar to the AA graphene. There is, however, a band crossing at − 3.1 
eV, Δk = 0 here and it slowly increases until the band edge (E4), hence 

the hopping distance is infinite at − 3.1 eV and decreases until E4. By 
contrast, in the vicinity of the Fermi-level (between E4 and E8) there is 
only one +kBloch branch in Fig. 6e, but there is a weak − kBloch branch 
(shown in red). In this energy region, the interference of these states 
determines the hopping between the layers. We can observe two features 
here: (i) Δk(E) decreases (to zero) when approaching EF=E6 from either 
below or above, hence the hopping distance diverges when approaching 
EF and (ii) the amplitude of the hopping is small (see the line cuts at 
Fig. 6g for E5 and E7), because the − kBloch components of the WP have a 
considerably smaller amplitude than the +kBloch components. These 
weak oscillations are similar to the Zitterbewegung motion [33], where 
positive- and negative energy wavefunctions interfere. The two para-
bolic bands meet at EF=E6; hence the band structure is locally flat at this 
point. As we can see on Fig. 6c and g, there is a considerable amount of 
WP reflection on this energy level, as shown by the large probability to 
the left of y0, seen as a blue bar on c6 and a finite intensity on g6 – since 
y0 is the point from where the WP started, the presence of a finite WP 
probability to the left of this point signifies a reflection. At this energy 
level the WP can tunnel into Region (II) but can not propagate there, 
because of the zero value of the group velocity. Note the linear decay of 
the probability at g6. There are also some edge states seen in both the AA 
and AB calculations (E2 for AA and E1, E3 for AB), represented as black 
spots in Fig. 6b, c at y1 (Region 1–2 boundary) and the large probability 
density is high-clipped at the point y1 on Fig. 6g. The edge states cause 
strong forward- and backward scattering, seen as interference oscilla-
tions at these energy levels on the space-energy density map, even on the 
left side of y0 (the starting position of the WP). We note that the new 
pseudopotential is not fitted for the different edge states of the graphene, 
therefore it is not yet suitable for a quantitative study of the effect of the 
edges on the transport properties. 

5. Application for tri-layer rhombohedral graphene 

After gaining some confidence from the good performance of the new 
pseudopotential for the AA and AB bi-layer graphene, we go on to 
explore WPD on ABC rhombohedral tri-layer graphene. Rhombohedral 
graphite features a staggered intra- and interlayer hopping pattern [2], 
similar to a one-dimensional (1D) Su-Schrieffer-Heeger (SSH) model 
[34]. This hopping pattern results in a flat electronic band and increased 
charge density on the surface at the Fermi-level. Recent transport [16] 
and STM measurements [15] in thick samples revealed strong correla-
tion effects, gives the opportunity to investigate many-body physics in a 
simple graphite crystal. Investigating electron dynamics by using WPD 
in ABC tri-layer graphene can be the first step to reveal the complex 
behavior of the electrons in thick samples. 

As we can see on Fig. 2, the band structure of this material is com-
plex, having a flat band at EF and two parabolic conduction and valance 
bands with band edges a little away in momentum from the K point 
(resulting in total 3 bands away from the Fermi-level). We performed a 
WPD calculation followed by a t-E Fourier transform for the ABC gra-
phene in a similar setup as for AA and AB, just the Region 2 now has 
three graphene layers instead of two, each displaced relative to the next 
in an ABC configuration. Fig. 7b shows the long-range behavior of the 
different energy components of the WP, i.e. the ϱnormalized

Layer l (y,E) functions 
for (l = 1,2,3) as a color coded position-energy map. We utilized the 
Cyan-Magenta-Yellow subtractive color system (Supplement 4), each (y, 
E) pixel is colored cyan, magenta, and yellow, when the WP is on Layer 
1,2, and 3, respectively – see Fig. 7c for the illustration of this color 
system. Fig. 7d shows the ϱ1,2,3(y) probability densities at fixed energies, 
marked E1 and E2 on “b” – these two energies are in the region, where 
all the 3 bands exist (i.e. above- and below the energy region, where only 
the flat band occur). 

Note that while ϱ2(y), the probability density for the middle layer is a 
periodic function (magenta curve in Fig. 7d), ϱ1,3(y), the probability 
densities for the upper- and lower layers are not periodic (cyan and 

Fig. 5. Time dependent probability density of the wave packet in AA and AB bi- 
layer graphene. (a) Calculation scheme (side view). (b,c) Shifted top-view im-
ages (see the text for details) of the pseudopotential and the probability density 
in the two layers for (b) AA stacking and (c) AB stacking. (d) 3D isodensity 
surfaces of the probability density at t = 13.9 fs for the AB case, displayed on a 
slightly enlarged y scale (see the dotted red lines). The blue rectangle marked 
with y1 shows the boundary of the two regions. See the video in Supplement 6 
for the complete time development. 
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yellow curves in Fig. 7d). We can understand this dynamical phenom-
enon by the help of a simple classical analogue – the three weakly 
coupled mathematical pendulums, Fig. 7e. The dynamical behavior of 
that system is indeed similar to the tri-layer graphene, because in both 
cases we have three identical oscillators coupled by a weak interaction 
potential. As we show in Supplement 5, in the three coupled pendulum 
case we have three incommensurate eigenfrequencies. That’s why the 

motion of the two side pendulums is aperiodic. But the three corre-
sponding eigenvectors are such that for the case of the middle 
pendulum, one of the eigenvectors have a zero component, hence for the 
middle pendulum we have only two eigenfrequencies that can interfere 
– this is the cause of the quasi-periodic motion of the second pendulum. 
The precise time dependence of the motion depends on the strength of 
the coupling and the relative amplitudes and phases used in the 

Fig. 6. Long-range energy-domain behavior of the wave packet on two-layer graphene. (a) is the calculation scheme, with the two graphene layers (side view, shown 
in blue and yellow). The wave packet starts from Region (1) at y0 then propagates into Region (2) at y1. (b,c) Color coded space-energy density map ϱ(y, E) for AA and 
AB graphene, blue is for Layer 1, yellow is for Layer 2. The Eired lines show characteristic energy levels. (d,e) Decomposition of the ψ(x, y, z, E) two-layer wave 
functions in terms of the single-layer graphene Bloch states (see the text for details). Green is for positive +kBloch (forward motion), red is for − kBloch (backward 
scattering). The magenta broken lines show the Δk band splitting for different energy levels. (f,g) Position dependent wave packet probability densities ϱ(y;E) for the 
two layers at different energy levels (marked in “b” and “c”), horizontal line cuts of (b,c). The Fermi level is at level “E3” in (b) and level “E6” in (c). Blue is for Layer 
1, yellow is for Layer 2. The vertical dotted lines show the points y0 (where the wave packet starts from) and y1 (the Region 1–2 boundary). The normalization is the 
same at all curves. Magenta horizontal lines at (f2) and (g1,3) show the positions where the curves were high-clipped (localized states). (h) Color map. 

Fig. 7. Long-range energy-domain behavior of the wave packet on three-layer rhombohedral graphene. (a) is the calculation scheme, with the three graphene layers 
in ABC configuration (side view, shown in cyan, magenta, and yellow). The wave packet starts from Region (1) at y0 then propagates into Region (2) at y1. (b) CMY 
color coded space-energy density map ϱ(y, E) for ABC graphene, cyan, magenta, and yellow are for Layer 1, 2, and 3, respectively. (c) Schematics of the cyan- 
magenta-yellow subtractive color system. (d) Position dependent wave packet probability densities ϱ(y;E) for the three layers at E1 and E2 energy levels 
(marked in “b”). Cyan, magenta, and yellow are for Layer 1, 2, and 3, respectively. The vertical dotted lines show the points y0 and y1. The normalization is the same 
at all curves. (e) Three coupled pendulum model. (f) Oscillations of the three pendulum model (squared amplitudes). 
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superposition of the three eigenvectors, but already without a detailed 
fitting we can see, by comparing Fig. 7d and f, that the functions 
describing the two dynamical systems are indeed similar. Finally, we 
note that the flat band has an anisotropic behavior in k-space, therefore 
the WP propagation is different in the armchair and zigzag direction at 
the Fermi-level in contrast to AA and AB graphene cases. The investi-
gation of this effect requires fine energy resolution in the calculations, 
since the band width of the flat band is around ~10 meV and beyond the 
scope of the present paper. 

6. Conclusions 

In this work, we presented the construction and a few applications of 
a local pseudopotential developed for van der Waals stacks of carbon 
sheets. It correctly describes the electronic structure of AA, AB bi-layer 
graphene, ABC (rhombohedral) tri-layer graphene, as well as AA, AB, 
and ABC graphite, even in case of external electric fields. By calculating 
the time development of quasiparticle WPs we studied the hopping 
dynamics between the graphene sheets in two- and three layer systems. 
The frequency of the hopping is proportional to the splitting of the 
graphene bands, caused by the interlayer coupling. For the case of AB 
and ABC graphene there is a backscattering near the Fermi level, causing 
a similar phenomenon as Zitterbewegung, an interference between +
kBlochand − kBloch states. For the rhombohedral tri-layer graphene the 
time dependence of the WP probability density is an aperiodic function 
for the first- and third layer (the two outer layers), but a quasi-periodic 
function for the second (inner) layer. This behavior was explained by a 
simple model, treating the electronic states of the adjacent graphene 
sheets as weakly coupled linear oscillators and noting that in case of the 
two outer layers the oscillation is characterized by three incommensu-
rate frequencies but in case of the inner layer there are just two modes 
that can interfere. Similar long range hopping oscillations were seen in 
calculations for bilayer graphene [35], where the authors used it as a 
model of neutrino oscillations. Such long-range oscillations can in 
principle be measured, for example by Scanning Tunneling Microscopy, 
after creating standing waves by, for example, enclosing the multilayer 
graphene system in a potential well. Since the spatial period of the 
oscillation depends on the energy, such a system can select a specific 
energy range defined by the size of the potential well. 

The pseudopotential presented in this paper can open new ways to 
investigate electron dynamics in moiré heterostructures, since WPD 
calculations can handle large unit cells with tens of thousands of atoms 
and thus resolve the bottleneck of the ab-initio calculations. We plan to 
study these moiré systems such as “magic-angle” bilayer graphene or 
stacking faults in rhombohedral graphite with the new pseudopotential 
as future work. 
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